This paper presents the mode I stress intensity factors for functionally graded solid cylinders with an embedded penny-shaped crack or an external circumferential crack. The solid cylinders are assumed under remote uniform tension. The multiple isoparametric ®nite element method is used. Various types of functionally graded materials and dierent gradient compositions for each type are investigated. The results show that the material property distribution has a quite considerable in¯uence on the stress intensity factors. The in¯uence for embedded cracks is quite dierent from that for external cracks. #
Introduction
Solid cylinders have extensively practical applications in engineering. The problem of a solid cylinder with a crack, which is embedded or at the surface, has been treated by many researchers. However, these researches mainly concentrated on homogeneous materials. Recent years, developments in the space, nuclear, and chemical industries have placed new demands on materials suitable for unusual conditions of pressure, temperature, and environment. The concept of so-called Functionally Gradient Materials (FGMs) has been introduced and applied to the development of structural components. The advantages of FGMs are that the materials could resist corrosion, radiation and high temperatures eectively and, at the same time, the residual and thermal stresses in the materials could be relaxed signi®cantly [1] . The interest in FGMs research is growing rapidly due to these advantages. It is expected that FGMs have promising applications in aerospace engineering, chemical engineering and nuclear power plants. From the viewpoints of applied mechanics, FGMs are nonhomogeneous solids. Due to the complexity of the problem, there are only a few papers that have studied the crack problems in FGMs. Erdogan and Delale et al. [2±5] studied some problems of nonhomogeneous elastic materials with cracks. Zou and Wang et al. [6, 7] studied some crack problems in composites with nonhomogeneous interlayer. An important conclusion given by these researches is that, the nature of the stress singularity at a crack tip in nonhomogeneous materials would remain to be the standard square-root type as homogeneous solids, provided that the spatial distribution of the material property is continuous near and at the crack tip. Hassan [8] treated the torsion of a nonhomogeneous cylinder slackened by a circular cut. He assumed that the shear modulus was described by a power-law dependence on the radial distance.
However, the analytical approach used by these literature can only deal with some simple distribution of material properties, such as an exponential form [2±5] or power form [6±8], which may be quite dierent from the real distribution. It is dicult by using the analytical methods to investigate the in¯uences of the actual material property distributions on the fracture mechanics parameters. But, yet these in¯uences are very important knowledge for the optimal design of FGMs. Therefore, numerical methods have to be developed for the analyses of a large range of practical problems.
In numerical methods, the most versatile method is the Finite Element Method (FEM) and it has been extensively used for computational fracture mechanics studies. However, most of these ®nite element approaches mainly concentrated on homogeneous materials or piecewise homogeneous materials. The ®nite element formulation suitable for nonhomogeneous materials with continuously varying properties was proposed recently by Li and Zou [9] . This improved FEM has been veri®ed to be very eective and quite ecient for the stress analysis of FGMs.
In this paper, we use the improved FEM to analyze solid cylinders with functionally graded properties. The solid cylinders are assumed to be subjected to remote uniform tension. Two cases of cracks are considered. One is a circumferentially part-through crack at the outer surface of a cylinder. The other is a penny-shaped crack at the center of a cylinder. Our main objective is to investigate the in¯uence of the material property distribution along the cylinder radius on the stress intensity factors.
Material property model
Consider an FGM solid cylinder described in Fig. 1 . It is of radius R and length 2H (zdirection). Assume that the cylinder is fully ceramic at r R and gradually changes to fully metal at r 0, the volume fractions of both phases vary along r-direction and the composition in any y À z cylindrical face is held constant. The local volume fractions in r-direction can be represented by the equations
where V m is the volume fraction of metal, V c is the volume fraction of ceramic and p is called composition gradient exponent. Using Eq. (1), a great range of FGMs composition pro®les can be examined by varying the exponent p, as shown in Fig. 2 . Due to the changes in relative proportions of ceramic and metal, the material mechanical properties vary along the radial direction of the solid cylinder. The elastic modulus E and the Poisson's ratio n can be considered to vary with volume fraction as following [10] Er
where the subscripts m and c refer to the metal and ceramic, respectively. The Eq. (2) was found to predict the elastic moduli of two phase composites with a better accuracy than other models [11] . Some variations of the elastic modulus E with volume fractions are illustrated in Fig. 3 .
Finite element model
The displacement ®nite element method is usually applied to stress analysis problems. Its formulation can be derived by the principle of minimum potential energy [12] . The element stiness matrix K e for axisymmetric problem can be derived as 
For homogeneous materials, E and n are constants. Now for nonhomogeneous FGMs; however, E and n are functions of the r coordinate, as expressed in Eqs. (2) and (3). Therefore, the variations of the material properties must be considered in the ®nite element analysis for FGMs.
In the paper [9] , we adopted the concept of the well-known isoparametric transformation for properly describing the variations of the material properties and then proposed the multiple isoparametric ®nite element method. Here, we brie¯y describe it for axisymmetric problems.
Consider a m-node axisymmetric element as shown in Fig. 4 . The global coordinates of a point on the element at (x,Z) are given by
where N i are the shape functions corresponding to the node i, whose coordinates are (r i ,z i ) in the global system and (x i ,Z i ) in the local system. As an isoparametric element, the displacements within the element are interpolated as follows:
where (u i , w i ) are the nodal displacements in the r and z directions. Now, let the material properties E and n at the point (x,Z) be expressed as
where (E i ,n i ) stand for the material properties at the node i of the element. By using Eq. (8), the actual variations of the material properties in a ®nite element can be approximated by polynomial forms. The degree of the polynomial depends on the number of nodes in the element. Substituting Eq. (8) into Eq. (4), we obtain the elemental elastic matrix D e , which becomes a function of the intrinsic coordinates. Then we can calculate the elemental stiness matrix by the standard Gaussian numerical quadrature in the intrinsic coordinates domain, that is
After the elemental stiness matrices K e and the contribution of the nodal force vectors are combined to form a global stiness matrix [K ] and a generalized nodal force vector fF g respectively, the vector of the global nodal displacements can be obtained by solving the following global stiness equations:
where fQg is the vector of the global nodal displacements. The stresses at any point on a speci®ed element can be obtained by the following equation:
where {q } stands for the nodal displacements of the speci®ed element.
Stress intensity factors computation
The studies of the literature [2±7] have shown that in nonhomogeneous materials with continuously varying properties, the nature of the stress singularity at a crack tip would remain to be identical to that in homogeneous solids. Jin and Noda [13] have given that the singular terms of the stresses near the crack tip are of the form:
where i,j 1,2,3 stand for the three directions of the spatial coordinate system; r and y are the polar coordinates at crack tip. The dimensionless angular functions " s I ij y, " s II ij y and " s III ij y are the same as those for homogeneous materials. It has been con®rmed (detailed discussion can be found in Gu and Asaro [14] ) that the result is independent of the form for material properties and the orientation of the crack. The stress intensity factors K I , K II and K III are functions of the material gradients, external loading and geometry. Material gradients do not aect the order of the singularity and the angular functions, but do aect the stress intensity factors.
The importance of the above results lies in the fact that in FGMs one can now use the crack tip ®nite element modeling developed for the ordinary square-root singularity and the computational methods for the SIFs in homogeneous solids can be adopted for that in nonhomogeneous solids with a few modi®cations.
There are many ways of evaluating the SIFs from ®nite element solution. These include the extrapolation of displacement and/or stress ®elds to the crack tip; Rice's contour integral J; the strain energy approach; the virtual crack extension technique, and so on. In this paper, we use the displacement extrapolation technique.
The so-called triangular quarter-point elements [15, 16] are used as crack tip elements. It has been veri®ed that this kind of element results in a 1a r p strain singularity within the elements as well as on the element edges. The SIFs are obtained by two-point formula. The procedure is brie¯y described as following:
Consider a crack tip region shown in Fig. 5 . The displacement ®elds on the crack surfaces can be written as
For the points b and c with r La4, we obtain 
Then, the values of K I and K II at the tip o are obtained by linear extrapolation as following [17] :
It should be emphasized that the values of the material properties in the above equations are the values of the corresponding points.
Numerical results and discussion
As shown in Fig. 1 , the crack plane is a plane of symmetry and the crack problem is one of mode I. Because of the symmetry, we only consider the z b 0 part of the cylinder. The ®nite element division in the axisymmetric face is shown in Fig. 1 . The crack tip elements are sixnode triangular quarter-point elements. Other elements are eight-node quadrilateral elements. The lengths of all element sides emanating from the crack tip are selected as 1/10 of the crack length for aat0X7, and 1/20 for aat 0X8. This selection is made from the error analyses of the computed results for edge cracked plate, which has been given analytical solution by Erdogan [5] . In that case, the relative errors for all crack-depths and all values of E c aE m were less than 23%.
It should be mentioned that the mid-side nodes on the crack tip elements remain at the midside position for simulating the variations of the material properties in the crack tip elements. The normalized mode I stress intensity factor is de®ned by
In this study, we mainly investigate the in¯uences of Er on the normalized SIFs. The Poisson's ratio is assumed to be constant (n 0X3). The ratio of E c aE m is assumed as 0. 
Embedded penny-shaped cracks
Some normalized SIFs for embedded penny-shaped cracks are shown in Figs. 6,7 and Table 1 . Fig. 6 shows the eect of dierent couple of FGM phases on the normalized SIFs when the composition gradients are linear. It can be seen that the parameter E c aE m has quite considerable in¯uence on the SIFs. The normalized SIFs increase with the increase of E c aE m value. The less the ratio of a/R, the greater the increasing velocity of the normalized SIF with E c aE m . Fig. 7 (a)±(d) show the in¯uences of the compositional gradient on the normalized SIFs. It can be seen that the variations of the gradient exponent p have quite obvious in¯uences on the SIFs when the dierences between the values of E m and E c are relatively greater. However, the in¯uences of p decrease with the reduction of the dierences between E m and E c . Especially, for aaR0X5, when E c aE m`1 , the normalized SIFs for ®xed aaR tend the lowest at about p 1; when E c aE m b 1, the normalized SIFs for ®xed aaR tend the largest at about p 1. The same conclusions can also be obtained from Table 1 .
Thus, if on the viewpoint of fracture mechanics, we can say that the optimal composition depends on the couple of FGM phases. No sole optimal composition exists for dierent FGMs.
External circumferential cracks
Figs. 8 and 9 show some results of the normalized SIFs for external circumferential cracks. Additional results are stipulated in Table 2 . Fig. 8 shows the eect of the value of E c aE m on the normalized SIFs when the FGM phases are mixed linearly. It can be seen that the parameter E c aE m also has considerable in¯uence on the SIFs. However, the in¯uence is dierent from that of a penny-shaped crack. The normalized SIFs decrease with the increase of E c aE m value. in¯uence in this case is weaker than that in the case of a penny-shaped crack. Similarly, the in¯uences of p decrease with the reduction of the dierences between E m and E c . When the value of E c aE m is between 0.8 and 1.2, the in¯uence of p can be negligible. Also, the optimal composition depends on the couple of FGM phases.
Conclusion
The FGM solid cylinders with an external circumferential crack or an embedded penny- shaped crack are studied by using the improved FEM. It is revealed that the material property distribution has quite considerable in¯uence on the SIFs. The dierences in stress intensity factors for dierent FGMs are obvious. The composition of FGMs in¯uences the stress intensity factors only when the dierence between the elastic modulus of metal and that of ceramic is relatively larger. The in¯uence of composition gradient for an embedded pennyshaped crack is stronger than that for an external circumferential crack. On the viewpoint of fracture mechanics, the optimization of FGM composition is necessary and the optimal composition gradient depends on the type of FGMs.
